Usual approaches for estimating the variance of a standardized rate may not be applicable to rates of recurrent events. Where individuals are prone to repeated health events, Greenwood and Yule (J R Stat Soc [A], 1920;83:255-79) advocated use of the negative binomial distribution to account for departures from the assumption of randomness of recurrent events required by the Poisson distribution. In this paper, the authors implemented the negative binomial distribution in the computation of annual hospitalization rates within certain hospital market areas. Data used were from 1,549,915 New England residents aged 65 years or more who were enrolled in Medicare between October 1,1988, and September 30,1989, and who had 458,593 hospital admissions during that year. New England was partitioned into 170 hospital market areas ranging in population size from 162 to 70,821 elderly Medicare enrollees. The negative binomial distribution demonstrated substantially better fits than the Poisson distribution to the numbers of hospitalizations within hospital market areas. Estimated standard errors for indirectly standardized rates based on the negative binomial distribution were 25-51 percent higher than estimated standard errors that assumed an underlying Poisson distribution. Using regression analysis to smooth overdispersion parameters across hospital market areas produced similar results. The approach described in this paper may be useful in estimation of confidence intervals for standardized rates of recurrent events when these events do not recur randomly. Am J Epidemiol 1993;137:776-86. aged; epidemidogic methods; hospitalization; models, statistical Methodological issues related to the study of recurrent events have not received sufficient attention in the epidemiologic literature (I). Many statistical texts on the analysis of count data pay little attention to models for recurrent events (2). However, repeated
regard stems from its derivation: If each member of a population has an individual Poisson event rate and the individual Poisson rates have a gamma distribution, then the marginal distribution of the number of events for each member is the negative binomial distribution.
For events recurring as frequently as hospitalizations in an elderly cohort, Diehr et al. (4) demonstrated that standard statistical tests, which compare rates across geographic areas without accounting for the recurrent nature of events, do not perform well. Using simulations, Diehr et al. found that these approaches substantially underestimate the expected variability in rates under the null hypothesis. Ignoring the extra-Poisson variability, which is common in rates where events recur, can lead to overly narrow confidence intervals for both rates and rate differences or ratios.
In this paper, we present approaches for obtaining confidence intervals for standardized rates, assuming that stratum-specific numbers of hospitalizations follow a negative binomial distribution. We apply these methods to quantification of geographic variability in rates of hospitalization among residents of New England aged 65 years or more. In this context, we discuss estimation of overdispersion parameters for the negative binomial distribution when some strata are sparse, and we evaluate a regression approach for smoothing overdispersion parameters across areas. We also compare direct and indirect approaches to standardization.
DATA SOURCES
Computation of confidence intervals for rates of recurrent events is illustrated below using hospitalization data for Medicare enrollees aged 65-99 years who resided in New England between October 1, 1988 , and September 30, 1989 . We considered all hospitalizations occurring among the 1,519,908 white Medicare enrollees and the 30,007 black enrollees. Enrollees of other (n = 3,551) or unknown (n = 9,347) race were not considered. These data were obtained from the hospital claims file (Medicare Part A) and the enrollment file maintained by the Health Care Financing Administration. All discharges for New England residents were included, regardless of where the hospitalization occurred. To examine the variability of hospitalization rates across hospital market areas, we partitioned the New England region into 170 hospital market areas. We used a simple cluster algorithm to define hospital market areas, with residents from contiguous zip codes considered to be in the same hospital market area when they tended to use the same hospitals for treatment (J. L. Freeman, Department of Community and Family Medicine, Dartmouth Medical School, unpublished manuscript).
THE NEGATIVE BINOMIAL DISTRIBUTION
We use the parameterization of the negative binomial distribution given by Bishop et al. (5) . If the random variable X is the number of events occurring for a population member over a fixed time period and X has the negative binomial distribution, then The mean of X is m, and its variance is m + nr/k. Thus, the parameter of epidemiologic interest is m, since it is the population event rate under the negative binomial distribution. The parameter A: indexes the extra-Poisson variation in the event rate. As k approaches infinity, the variance approaches m and the negative binomial reduces to the Poisson distribution. For small values of k, the amount of extra-Poisson variation is large.
Fisher (6) derived maximum likelihood estimates of m and k. The maximum likelihood estimate of m is the mean event rate in the population rh = 2Xi/n, where the sum is over the n members of the population, each of whom has x, events. The estimated variance of rh is (rh +
The maximum likelihood estimate of k has no closed form expression, so we use the method of moments estimator k = rh 2 /{s 2 -rh), where s 2 is the sample population variance,
If s 2 < rh, then k is estimated to be infinity. When the true population variance is less than or equal to its mean (a phenomenon described by McCullagh and Nelder (7) as underdispersion and as being found uncommonly in practice), the negative binomial distribution is inappropriate. Anscombe (8) gave the estimated variance of k, which is 2k{k + \)/\n{m/(m + k)) 2 \, and described the efficiency of this method of moments estimator relative to the maximum likelihood estimator. Although less efficient than maximum likelihood, the moment estimator of k is more robust (9) . Table 1 compares the goodness of fit of the Poisson and negative binomial distributions to the numbers of hospitalizations in fiscal year 1989 among white Medicare patients aged 65 years or more in two of the largest (Boston, Massachusetts, and New Haven, Connecticut) and the two smallest (Castine, Maine, and Jackman, Maine) of the 170 hospital market areas. Comparisons between Boston and New Haven are of particular interest, because substantial differences in hospital use between these two areas have been described previously (10) . We fitted the Poisson distribution to the observed distribution of numbers of hospitalizations in a hospital market area by equating the Poisson parameter to the observed mean number of hospitalizations per person in that area. This is both the maximum likelihood and the method of moments estimator. Expected frequencies of individuals with a given number of hospitalizations under either the Poisson or negative binomial distribution were estimated as the total number of individuals residing in that area times the estimated probability of that number of hospitalizations under the specific distribution (11) .
EXTENT OF EXTRA-POISSON VARIABILITY IN HOSPITALIZATION RATES
The Poisson distribution does a poor job of fitting the long tail of these distributions, which happens because some individuals are particularly prone to repeated hospitalizations. The negative binomial distribution fits much better. Greenwood and Yule (3) similarly demonstrated a substantially better fit for the negative binomial distribution than for the Poisson distribution using data on injuries in high-risk populations. In large areas, the adequacy of the negative binomial distribution in fitting the observed distribution of the number of hospitalizations was usually rejected by the chi-square test; however, when simple distributions are fitted to ample data, a perfect fit is not expected. For the current application, the important characteristic of the negative binomial distribution with k estimated by the method of moments is that estimated values of the first two moments of the distribution will exactly match the observed values, whereas for the Poisson distribution, only the first moment matches the observed data.
The hospitalization rate in Boston was 0.35 hospitalizations per person-year. In Boston, k = 0.37, so the estimated standard error of the hospitalization rate in Boston under the negative binomial distribution was 40 percent higher than the estimated standard error under the Poisson distribution. The hospitalization rate in New Haven was 0.20 and k = 0.34, so the estimated standard error of the hospitalization rate in New Haven under the negative binomial distribution was 26 percent higher than the estimated standard error under the Poisson distribution.
AGE-AND SEX-SPECIFIC HOSPITALIZATION RATES
Among individuals aged 65 years or more, hospitalization rates showed substantial variability with age and sex. suggests the need to adjust for age and sex when comparing rates across hospital market areas. Estimated values of A: also demonstrated variability over age and sex strata (table 2) .
CONFIDENCE INTERVALS FOR STANDARDIZED RATES
Below, we present approximate standard errors for directly and indirectly standardized rates assuming that stratum-specific numbers of hospitalizations follow a negative binomial distribution. These are simple generalizations of formulas found elsewhere assuming underlying Poisson distributions (12) (13) (14) .
A directly standardized hospitalization rate for a specific market area is R = rij, where the sum is over all strata, the weights, w p sum to 1, e, is the number of events, and n } is the number of people in the y'th stratum. The estimated variance of this rate is
= I (w/)
Under the negative binomial assumption,
variejnj) = (rhj + mf/k^/rij,
where ihj = ejrij is the estimated stratumspecific hospitalization rate. Thus,
and an approximate 95 percent confidence interval for R is A ± 1.96 SE(R), where SE(.ft) = (vaitK))* is the estimated standard error of the rate.
An indirectly standardized hospitalization rate for a specific market area is R = M(2£,/ 'LrijUj), where n is the crude rate over all market areas, M, are stratum-specific overall rates, and the e } and rij are defined as above. We assume that the variability in the standard rates \L } and the overall rate n are small enough to be ignored. The variance of this rate is Under the negative binomial assumption, var(£"j) = nj(fhj + mf/kj).
Thus,
and an approximate 95 percent confidence interval for R is R ± 1.96 SECR).
Some authors (14, 15) have asserted that confidence intervals for indirectly standardized rates can be better constructed after a logarithmic transformation is performed to decrease the skewness in the indirectly standardized rate and hence improve the normal approximation. Although this recommendation is directed toward the situation where underlying stratum-specific rates follow a Poisson distribution, the greater skewness associated with the negative binomial distribution argues even more strongly for this approach. With the same notation as above, applying a first-order Taylor series approximation,
An approximate 95 percent confidence interval for R is R exp(±1.96 SE(\og(R))). Logarithmic transformation is also useful for obtaining a 95 percent confidence interval for the ratio of two rates, both either directly or indirectly standardized. If R\ and R2 are two such rates, an approximate 95 percent confidence interval for the rate ratio RR = R 2 /Rt is RR exrX±1.96[var(logCR 2 ))
SPARSE DATA AND SMOOTHED OVERDISPERSION PARAMETERS
These approaches to estimation of standardized rates and their standard errors require separate estimation of the mean rate and the negative binomial overdispersion parameter k within each stratum of each hospital market area. When some strata are sparse, estimated mean rates may be zero. We estimated mean hospitalization rates and overdispersion parameters k for white Medicare enrollees in each of the 10 age-sex strata shown in table 2 within each of the 170 hospital market areas in New England. An estimated hospitalization rate of 0 was obtained in only one of these 1,700 strata: Among the three men aged 80-84 years in Castine, Maine, none was hospitalized. It would be inappropriate to assume that this stratum-specific hospitalization rate was estimated with a variance of 0. Thus, when we estimated the variance of standardized hospitalization rates for white Medicare enrollees in Castine, we assumed that one hospitalization occurred in this stratum. This is a standard approach in the presence of a zero observed count (16) , and it corresponds to a Bayesian estimate of the variance if the sampling model is Poisson (17).
The distribution of the estimated parameter k over the 1,700 age-sex strata in white Medicare beneficiaries was quite skewed. In 17 of the 1,700 strata, the sample variance of the number of hospitalizations per person was less than the hospitalization rate, so that k = 00. In only three other strata was k greater than 10. We set the estimated values of A: for these 20 strata to 9.9, since this would not substantially affect the estimated variances. The median estimated stratum-specific hospitalization rate was 0.34 hospitalizations per person (range, 0.0-1.1 hospitalizations per person; standard deviation of estimated rates, 0.14); thus, an estimated k of 9.9 corresponds to a stratum-specific estimated variance in number of hospitalizations for such a median stratum of 0.34 + 0.34 2 / 9.9 « 0.35. This is only slightly larger than the estimated variance of 0.34 that would be obtained assuming a Poisson distribution. The median estimated value of k was 0.44, and 84 percent of stratum-specific estimated values of k were less than 1. This distribution gives additional evidence for the large amount of extra-Poisson variation in numbers of hospitalizations per year.
It is natural to consider smoothing estimated values of k over strata, for two reasons: This parameter is imprecisely estimated in sparse strata, and the parameter k is used in estimating standard errors of rates but not in estimating the rates themselves. Examination of estimated values of k within hospital market areas (see table 2 for data from Boston and New Haven) suggests substantial modification of these estimates by age and sex. Thus, one approach to smoothing would be to obtain a single estimate for k within each age-sex stratum and apply this estimate across all hospital market areas. Because of the availability of data from 170 hospital market areas, we chose to consider additional predictors of k and to use a regression approach. Table 3 shows results of a weighted least squares regression analysis considering state, age, sex, age x sex interactions, number of white Medicare enrollees in a hospital market area, and estimated hospitalization rates m as predictors of the natural logarithm of L The regression is weighted by the inverse of the estimated variance of log fc, based on a first-order Taylor series approximation. Predicted values from this regression may then be exponentiated and used as smoothed values of A: in estimating standard errors of standardized rates.
Two limitations of this regression approach must be noted. First, in regression analyses predicting parameters of areaspecific rates, the appropriate regression weights are controversial, and a random effects model including a random market area effect may be most appropriate (18). Second, standard errors in this regression approach are likely to be underestimated because of intercorrelations among the 10 age-and sexspecific estimates of A' within a hospital market area. However, the goal of this regression analysis was to develop a simple predictive model and not to assess the precision of determinants of k. The squared multiple correlation coefficient of 0.82 achieved in • Based on 1,700 stratum-specific estimates of k computed within 10 age-sex strata for 170 hospital market areas in New England. Data are for white Medicare recipients who were aged 65-99 years in fiscal year 1989. The regression weight is k* divided by the estimated variance of k.
t SE, standard error | m Is the estimated stratum-specific hospttaUzatJon rate.
this weighted regression was much higher than the squared multiple correlation coefficient of 0.65 achieved in an unweighted regression, which could be influenced unduly by unstable estimates of k in sparse strata.
STANDARDIZED HOSPITALIZATION RATES ACROSS NEW ENGLAND
We estimated indirectly and directly standardized hospitalization rates among white Medicare beneficiaries and compared alternative estimates of their standard errors for all 170 hospital market areas in New England (see table 4 for comparisons among * Shown are data from the five largest areas, the five smallest areas, and the five areas with populations nearest to the median population among the 170 hospital market areas In New England Indirectly standardized rates use the experience of all white Medicare enroflees aged 65-99 years In New England to estimate expected rates; directly standardized rates use this experience to obtain weights t SE, is the estimated standard error assuming that stratum-specific rates follow a Poisson distribution t SEj is the estimated standard error under the negative binomial distribution, with k estimated from the data. § SEj is the estimated standard error under the negative binomial distribution, with k smoothed by the method of weighted least squares 15 of the market areas). Estimated standard errors of indirectly standardized rates, based on the negative binomial distribution and stratum-specific estimates of k, were 25-51 percent higher (median, 35 percent) than estimated standard errors based on the Poisson distribution. The smallest relative difference between these two estimated standard errors among the 170 hospital market areas occurred in Castine, Maine (estimated standard error under the negative binomial distribution, 0.0423; estimated standard error under the Poisson distribution, 0.0339), and the largest relative difference occurred in Dexter, Maine (estimated standard error under the negative binomial distribution, 0.0294; estimated standard error under the Poisson distribution, 0.0195).
Estimated standard errors based on regression smoothing of the parameter k were generally quite close to estimated standard errors based on stratum-specific estimates of k. Comparing alternative estimates of standard errors for indirectly standardized rates among the 170 hospital market areas, the ratio of the standard error based on stratumspecific estimates of k to the standard error based on smoothed estimates of k had a median value of 1.00 and ranged from 0.91 to 1.12. For directly standardized rates, among the 170 hospital market areas, this ratio had a median value of 1.00 and ranged from 0.84 (0.95 if the outlying value in Castine was excluded) to 1.08. Smoothed values of k have the advantage of drawing strength across similar areas. Stratumspecific estimates of k would emphasize a difference across areas in tendencies to readmit patients, which might be due to sampling variability. Another strategy is to combine these two estimates of k to produce empirical Bayes estimates of Ac (19); however, in the current analyses, these two approaches produced quite similar results, except in the smallest market areas.
Some authors (20-22) have criticized the comparison of indirectly standardized rates, because two such rates are not mutually standardized, and hence their ratio may give a biased estimate of the relative rate. How-ever, as Breslow and Day have pointed out (14) , a comparison of indirectly standardized rates generally has a lower standard error and is consequently more precise than a comparison of directly standardized rates. Indirectly standardized rates have this advantage because the standardized morbidity ratio is the weighted average of stratumspecific ratios of observed events to expected events with weights chosen so as to minimize the variance. When numbers of events follow the Poisson distribution, this characteristic of minimum variance requires the assumption that the ratio of observed rates to expected rates is uniform over strata. When stratum-specific numbers of events follow the negative binomial distribution, minimum variance of the standardized morbidity ratio is maintained under the additional assumption that the ratio m:k is uniform over strata (see the Appendix for a proof).
Indirectly standardized hospitalization rates for white Medicare beneficiaries were quite similar to directly standardized rates among the 170 hospital market areas. The median ratio of indirectly standardized rates to directly standardized rates was 1.00, and with the exception of those for Jackman and Castine, all indirectly standardized rates were within 3 percent of the corresponding directly standardized rates; in 90 percent of the hospital market areas, indirectly standardized rates were within 1 percent of the corresponding directly standardized rates. Estimated standard errors of indirectly and directly standardized rates were also quite comparable, except in the smallest hospital market areas. Only in Jackman and Castine were estimated standard errors of indirectly standardized rates (based on either stratumspecific or smoothed estimates of/:) less than 94 percent of the corresponding estimated standard errors based on directly standardized rates.
To illustrate estimation of confidence intervals about relative rates, we compared standardized hospitalization rates in black Medicare beneficiaries to rates in whites (table 5). Comparisons were considered only for hospital market areas with more than 250 black enrollees, because of the expected imprecision of rates where there were few black enrollees. All estimated rates were directly standardized using the age-sex distribution of the entire population as a common standard. Estimated standard errors were based on stratum-specific estimates of k. Results indicated a general pattern of slightly higher hospitalization rates in blacks than in whites. Brockton, Massachusetts, where there was a high hospitalization rate in whites, was an exception to this trend.
DISCUSSION
Standard errors of standardized rates for recurrent events may be substantially underestimated unless one accounts for the increase in variance arising when events do not recur randomly. Application of the negative binomial distribution offers a straightforward approach to accounting for such overdispersion. Even if the negative binomial distribution does not perfectly fit the observed stratum-specific numbers of events, application of this approach ensures unbiased variance estimates when the overdispersion parameter k is estimated by the method of moments. In situations where data are sparse, it is reasonable to smooth values of k or perhaps assume that there is a common uniform value of/: or of m:k across strata.
The commonly appreciated limitations of standardized rates also apply to recurrent events. A maximum likelihood approach will generally be far more efficient for comparison of several rates. Comparisons of standardized rates may be quite sensitive to the choice of weights. Sparse strata can be a particular problem, and it may not be possible to adjust adequately for important confounding variables. In addition, standardized rates do not immediately allow for evaluation of trends, which may aid in inferring that relations are causal (14) . Nonetheless, comparison of standardized rates remains a simple and intuitive approach for evaluating relative rates and rate differences. In the examples presented here, where strata were generally large and no great differences where observed in age-sex distributions over • Shown are data from the 16 hospital market areas In New England with more than 250 black enrollees t Dlrectty standardized rates with weights based on the age and sex distribution of all black and white Medicare beneficiaries aged 65-99 years in New England $ RR, relative rate; Cl, confidence Interval hospital market areas, results were comparable regardless of whether direct or indirect standardization was used. Several authors have presented regression models for estimating relative event rates when events recur nonrandomly (23-26). These models offer one the capability to adjust efficiently for multiple potentially confounding variables and to examine trends in rates over continuous predictors. One limitation of these approaches is their requirement that the relation between the predicted number of events and its variance depend on a single parameter. For example, the approaches of Thall (25) and Cooil (26) postulate a negative binomial distribution with constant k over all individuals. The approach to variance estimation that we described allows for estimation of an independent overdispersion parameter within each stratum and hospital market area. Where data are ample, the ability to accommodate variability in the overdispersion parameter across strata is attractive.
Analyses of hospital utilization are playing an increasingly important role in both health policy and epidemiologic research (10, (27) (28) (29) . For many surgical conditions, such as hip fracture or hysterectomy, the likelihood of recurrent events may be low or nonexistent, and the assumption that event rates are distributed according to the Poisson distribution may be reasonable. For most causes of hospitalization, however, multiple events for a given individual must be considered. Medicare data, which are increasingly available for research purposes, allow ascertainment of recurrent hospitalizations. Consideration of the typically nonrandom nature of these recurrent events allows for improved quantification of the precision of estimated rates.
